The complements of complex hyperplane arrangements provide a rich supply of formal spaces 9] and have received a lot of attention. In particular the rational K ; 1] property for these spaces was studied in 13]-15], 20]-22]. In this context we are able to prove (in Proposition 5.4) that the above LCS formula implies the rational K ; 1] property, for arrangements in C 3 .
The connection with the Koszul property is the following. It is known that the Koszulness of A implies the Koszul duality formula (see 2.3 (iii)), a useful numerical test involving Hilbert series (see Example 5.7) . Note however that this formula does not imply in general the Koszul property, see 27, 28] . Finally it is not hard to see that the LCS formula for a formal space X is actually equivalent to the Koszul duality formula for A = H (X; Q), if A is quadratic, i.e. generated in degree 1 with relations in degree 2.
It is therefore interesting to know whether the LCS formula implies the rational K ; 1] property in the particular case of arrangement complements, as asked by Falk and Randell in 15] . In this particular case Corollary 5.3 was proved by Falk 13] and Kohno 22] . It was proved in full generality in 24]; here we give a di erent simple proof, based on the Koszul duality formula. More results related to Koszulness and LCS-type formulae are known for the so-called ber-type arrangements introduced in 14], see 29] , and for their recent generalization, the hypersolvable arrangements of 19] . (See the remarks in 5.6 .)
The paper is organized as follows. In Section 2, we recall the de nition and a few basic results about Koszul algebras. In Section 3, we recall the de nition of a 1-minimal model and give a concrete realization convenient for our purposes. In Section 4, we prove the main algebraic result (Proposition 4.4). In Section 5, we derive our main results 5.1-5.4 about topological spaces and discuss an example of a hyperplane complement.
Koszul algebras: Preliminaries
We collect in this section the de nitions and certain basic results about Koszul algebras, see 3, 4, 23] . Let F be a eld and let U = n 0 U n be a positively graded F-algebra. We will always assume that dimU n < 1 for all n. U is called connected if U 0 = F. If V is a nite-dimensional vector space over F let T = T(V ) denote the full F-tensor algebra on V . The algebra T is provided with the standard grading n T n where T 0 = F and T 1 = V . If U is a connected graded Falgebra then there exists a canonical graded algebra homomorphism T(U 1 ) ! U. The algebra U is called quadratic if this homomorphism is surjective and its kernel I is generated, as an ideal of T, by its degree 2 part I 2 . We call I the ideal of U.
De nition 2.2 Let U be a quadratic algebra and let I be its ideal. Let I ! 2 be the annihilator in U 1 U 1 = (U 1 U 1 ) of the linear space I 2 and let I ! be the ideal of T(U 1 ) generated by I ! 2 . Then the quadratic algebra U ! = T(U 1 )=I ! is called the quadratic dual of U.
Observe that (U ! ) ! = U.
For any graded F-linear space V = n V n with dimV n < 1 for all n we denote the Hilbert series of V by H(V; t) (= P n dim F (V n )t n ). The following statements will be used often without reference. For the rest of the paper we denote by A = n 0 A n a graded commutative connected algebra. of L by the Lie ideal generated by the image of the comultiplication. G is a graded Lie algebra and we write G = n 1 G n . We also consider the ltration of G by the Lie ideals ? n G where ? n G is the n-th term of the lower central series of G, i.e. ? 1 G = G and ? n+1 G = ? n G; G]. Notice that the grading of G is closely related to the ltration, namely ? n G = k n G k . In particular if we denote by G(n) the nilpotent Lie algebra G=? n+1 G then G(n) n i=1 G i , as F-linear spaces.
For every n we de ne the DGA freely generated in degree one M(n) =: Proposition 3.1 ( 24] , Lemma 1.8 (i)) Provided with the above homomorphism f, M is a 1-minimal model of A.
Note that there is a shift of the degrees: what we call here V n was called V n?1 in 24] . This rescaling has features convenient for our purposes. Put C p (q) = i 1 + +ip=q V i 1^ ^V ip ; C(q) = p C p (q) ;
and notice that M = q C(q) (as a linear space). The following easily seen properties were noticed in the particular case of arrangements in 13] , for a completely di erent construction of the 1-minimal model M. Proposition 3.2 (i) The space C(q) is a subcomplex of M for every q, whence H (M) = q H (C(q)).
(ii) The subspace B =: q H q (C(q)) is the subalgebra of H (M) generated by H 1 (M) = A 1 . Moreover this algebra is quadratic. In this section, we prove the main algebraic result. We need to use the universal enveloping algebra U of the Lie algebra G. A more explicit description of U is as follows. Let T be the tensor algebra of the linear space A 1 and : A 1 A 1 ! A 1 A 1 be the linear map generated by v w 7 ! w v. Then U is the factor of T by the ideal I generated by (Im(1 ? )) \ Im , where is the comultiplication A 2 ! A 1 A 1 . This description gives the grading of U (which is induced from the standard grading of T) and shows that U is a quadratic algebra. Remark 4.5 Proposition 3.2 also implies that both statements of Proposition 4.4 are equivalent to A being quadratic and H (M) being generated in degree 1.
Formal topological spaces
In this section we interpret the results of the previous section for topological spaces. A space X (connected and with nite Betti numbers) is called formal ( 16] Using Proposition 3.1 the holonomy algebra G of a formal space X has the following interpretation in terms of 1 (X). Let ? n be the n-th term of the lower central series of = 1 (X), i.e. ? 1 = and inductively ? n = ? n?1 ; ]. The graded abelian group gr ? ( ) =: n 1 (? n =? n+1 ) has a natural graded Z-Lie algebra structure induced by the group commutator. Then one has a graded Lie algebra isomorphism G gr ? ( 1 (X)) Q, see e.g. 16] , Theorem 12.2. In particular we have dimG n = n , where n = rank(? n =? n+1 ). Applying the Poincar e-Birkho -Witt theorem we obtain the following expression for the Hilbert series of the universal enveloping algebra U = U(X) The above result may be used to get certain information also for nonformal spaces X. Proposition 5.2 Let X be an arbitrary connected space with nite Betti numbers. If H (X; Q) is a Koszul algebra then X is a rational K ; 1].
Proof. As mentioned before, the K ; 1] property of X may be checked via the minimal model of X. It is known that one may associate to X a DGA M, called the minimal model of X. As a commutative graded algebra M is freely generated by a graded Q-vector space W = n 1 W n (see e.g. 7] , 7.7 and 7.8, for the complete de nitions and the precise result). For our purposes it will su ce to recall that X is a rational K ; 1] if and only if W n = 0 for every n > 1 ( 7] , 12.8 (iii)).
Set now A = H (X; Q). Our result will follow at once from the fact that Since the free generators V of M are concentrated by construction in degree one, the same property obviously will hold also for W and therefore X is a rational K ; 1]. 2
The next corollary was obtained in 24] , Lemma 4.5, by using the bigraded models of 18]. We present here a new proof, based on the Koszul duality formula. The problems related to the topic of this paper were rst studied in the arrangement setting in 2, 20, 21, 22, 14, 13]. Falk 13] studied conditions for X to be a rational K ; 1]. He proved that X is a rational K ; 1] for every arrangement of so called ber-type. This is a topologically de ned class that coincides with the combinatorially de ned class of supersolvable arrangements (see 25] for de nitions). Falk 13] and Kohno 22] In order to prove the proposition we need to bring into consideration a ne arrangements. Let A be an arrangement in C`and H 2 A. Pick 2 (C`) with kernel H. Then intersecting every K 2 A n fHg with the a ne hyperplaneH = fv 2 C`j (v) = 1g we obtain a set A 0 of a ne hyperplanes inH. Put X 0 =H n S K2A 0 K, A 0 = H (X 0 ; Q) and U 0 = U(X 0 ).
Set also 0 n = rank(? n 1 (X 0 )=? n+1 1 (X 0 )), n 1.
One knows that X 0 is formal ( 25] ,Theorem 5.90). It is also well known that X is homeomorphic to X 0 (C ), see 25] , Proposition 5. Remarks 5.6 The Koszul property for A = H (X; Q) was rst considered in 29] , where it was proved that A is Koszul for ber-type arrangements. A substantial generalization of the ber-type class, namely the hypersolvable class, was recently introduced in 19]. Among other things it was shown there ( 19] , Theorem E) that the associated quadratic algebra U ! (see 4.2) is always Koszul for a hypersolvable arrangement. Consequently a generalization of the LCS formula ( 19] , Theorem C (ii)) holds for this new class. At the same time ( 19] , Theorem D (iv),(v)) the implication of Proposition 5.4 holds for hypersolvable arrangements. Moreover one knows that the only rational K ; 1] hypersolvable complements are the ber-type ones ( 19] , Theorem D (ii),(iv)). 
